Abstract. Some explicit expressions are given for the theta series of Niemeier lattices. As an application, we present some of their congruence relations.
Introduction
The main object of this note is the theta series ϑ , and H n is the Siegel upper half-space of degree n. In the following, we will sometimes refer to ϑ (n) L as the Niemeier theta series. A Niemeier lattice L is one of the 24 positive definite, even, unimodular lattices of rank 24. Therefore, the Niemeier theta series ϑ (n) L becomes a Siegel modular form of weight 12 and degree n. In this note, we give explicit expressions for ϑ (n) L , using some modular forms of weight 12 with integral Fourier coefficients for the cases n = 2 and 3. is the Eisenstein series of weight 4 and degree 3; Y (3) 12 , X (3) 12 are Siegel modular forms of weight 12 with integral Fourier coefficients defined in Section 4.1; and F 12 is Miyawaki's cusp form of weight 12 (cf. [7] ).
The expression (1) leads to congruence relations among the Niemeier theta series. For example, the congruence relations between the Coxeter numbers are related to those of the Niemeier theta series. (mod m).
Conway and Sloane listed such lattices according to the glue code and named them α, β,. . . , ω (cf. Conway and Sloane [4] , p. 407, Table 16 .1).
Theorem 2. Let α, ω, δ, and ψ be some of the Niemeier lattices defined above. The following congruence relations hold: [4, 2, 6] (mod 23), (10) in Section 4.2).
These congruence relations lead to the following fact (also cf. [10] ).
ψ ) ≡ 0 (mod 23), where Θ is the theta operator (the generalized Ramanujan operator) defined in Section 2.4 .
(2) The Siegel modular forms 
Preliminaries
2.1. Notation. We begin by stating the notation that we will use. Let Γ n := Sp n (Z) be the Siegel modular group of degree n, and let H n be the Siegel upper half-space of degree n. We denote by M k (Γ n ) the C-vector space of all Siegel modular forms of weight k for Γ n , and denote by S k (Γ n ) the subspace of cusp forms.
Any F (Z) in M k (Γ n ) has a Fourier expansion of the form
denote the R-module of all modular forms whose Fourier coefficients lie in R.
2.2.
Formal q-expansion. For T = (t ij ) ∈ Sym * n (Z) and Z = (z ij ) ∈ H n , we define q ij := exp(2π √ −1z ij ). Then,
Therefore, we may consider F ∈ M k (Γ n ) R as an element of the formal power series ring
For a prime number p, we denote by Z (p) the local ring of p-integral rational numbers. For two elements
is satisfied for all 0 ≤ T ∈ Sym * n (Z). 2.3. Theta series for lattices and matrices. For a positive definite integral lattice L of rank m, we write the Gram matrix as S = S L ∈ Sym m (Z). We associate with it the theta series
In general, this becomes a Siegel modular form for some congruence subgroup of Γ n . In particular, ϑ
if L is a positive definite, even, unimodular lattice of rank m.
For our use below, we now quote the following result, which is a special case of a theorem presented by Böcherer and Nagaoka ( [3] , Theorem 5). 
Proof. We apply Theorem 5 of [3] , where
2.4. Theta operator and mod p singular modular form. First, we will define the theta operator, which is a differential operator. For F = a(F ; T )q T ∈ M k (Γ n ), we associate with it the formal power series
. This is called the theta operator (cf. [2] ). For n = 1, the classical theta operator was studied by Ramanujan [11] . It should be noted that Θ(F ) is not necessarily of modular form.
Next, we introduce the mod p singular modular form [1] . For a prime number p, a modular form
is called the mod p singular modular form with the (nontrivial) maximal p-rank r (r < n) if F has the following property:
a(F ; T ) ≡ 0 (mod p) for all T ∈ Sym * n (Z) with r + 1 ≤ rank(T ) ≤ n and a(F ; T ) ≡ 0 (mod p)
for some T with rank(T ) = r.
Namely, F is an element of the mod p kernel of the theta operator.
In this note, we will show that the theta series associated with some Niemeier lattices are examples of such forms.
2.5. Sturm bound for Siegel modular forms. In this section, we introduce a result of Richter and Raum [9] concerning the so-called Sturm bound. From this result, we can specify a modular form by using mod p.
Theorem 4. [9]
Assume that p is a prime number and
Niemeier lattices.
A Niemeier lattice is one of the 24 positive definite, even, unimodular lattices of rank 24, which were classified by H. Niemeier If L is a Niemeier lattice, then the corresponding theta series ϑ (n)
L becomes a Siegel modular form of weight 12:
As stated in the Introduction, for the Niemeier lattices, we use the notation α, β,. . . , ω, as defined by Conway and Sloane ( [4] , p. 407, Table 16 .1). We write the associated theta series as ϑ
. .. One of our main purposes in this note is to study these theta series.
3. Degree 2 theta series for Niemeier lattices
be the Eisenstein series of degree n and weight k, normalized as a(E (n)
Igusa [5] gave a minimal set of generators of the ring M (Γ 2 ) Z over Z. The set consists of 15 modular forms:
Here, the subscripts denote the weights, and
6 , X 10 = χ 10 , X 12 = χ 12 , where χ k (k = 10, 12) is Igusa's cusp form normalized as a χ k ; 1 
For use below, we now give the expressions for X
12 = X 12 and Y
12 = Y 12 using the Eisenstein series:
12 ,
, a 2 = 131 · 593 2 10 · 3 6 · 7 2 · 337 ,
3.2. Theta series for Niemeier lattices of degree 2. Let L be a Niemeier lattice. It is known that if the Coxeter number of L is h, then the q-expansion of ϑ
L is given as follows: ϑ
(1)
This identity is a starting point for our study.
Theorem 5. Let L be a Niemeier lattice with Coxeter number h. Then we have
12 + (48h 2 − 2800h + 43200)X
12 , where X (2) 12 , Y (2) 12 are Igusa's generators, which were introduced in 3.1.
Proof. It follows from
L has the following expression:
12 + c 1 · X 12 , where c i = c i (h) is a constant. We shall determine the value c 1 .
We consider the diagonal restriction of both sides of (6). We have
4 (z 22 ))
12
where q ii = exp(2π √ −1z ii ). Comparing the coefficients of q 11 q 22 , we obtain the identity (24h) 2 = 720 2 + 1440(24h − 720) + 12 · c 1 .
This implies c 1 = 48h 2 − 2880h + 43200.
This completes the proof of Theorem 5.
4. Degree 3 theta series for Niemeier lattices 4.1. Siegel modular forms of degree 3 and weight 12. Miyawaki [7] constructed a cusp form F 12 ∈ S 12 (Γ 3 ) by using theta series with a spherical polynomial. In this section, we introduce two modular forms of degree 3 and weight 12.
We will then show that they have integral Fourier coefficients. We set
12 + 4740 337
12 − 356411 337
where F 12 ∈ S 12 (Γ 3 ) Z is Miyawaki's cusp form [7] , and a i and b i are constants given in (2), and (3) in Section 3.1.
We shall show that they have integral Fourier coefficients. Since F 12 are in cusp form, we have Φ(X
12 ) = X
12 , Φ(Y
12 ) = Y
12 . This means that, if rank(T ) < 3, then all of the Fourier coefficients a(X (3) 12 ; T ) and a(Y (3) In the case that rank(T ) = 3, we have the following numerical data for the Fourier coefficients of X Here, we used the abbreviation 12 , and F 12 have integral Fourier coefficients:
Proof. This is true for F 12 ∈ S 12 (Γ 3 ) Z as a consequence of its definition [7] . We shall show that X 4.2. Theta series for Niemeier lattices of degree 3. In this section, we show that ϑ 
12 , Y
12 , and F 12 .
Theorem 6. Let L be a Niemeier lattice with Coxeter number h. Then we have
12 + (48h 2 − 2800h + 43200)X (3) 12
where
is the Eisenstein series of degree 3 and weight 4; and X Proof. We note that
12 + (48h 2 − 2800h + 43200)X This implies c 2 = 48h 3 − 288h 2 + 3144h − 1131120.
This completes the proof. 
All of these coefficients include the factor h − 30. If we take L = γ (cf. ConwaySloane's list [4] , p. 407, 1, 2, 3 ). This identity is also justified by the fact that
where E 8 is the so-called E 8 lattice.
The following table is obtained from Theorem 6. Here, h = h L is the Coxeter number of the Niemeier lattice L. 
12 + 12288X
12 + 1200X
12 + 3072X
12 + 6912X
12 + 9408X
12 − 957936F 12 ι D 3 8 14 ϑ
13 ϑ
12 + 13872X
12 + 15552X
12 − 1051920F 12 µ E 4 6 12 ϑ
12 + 19200X
12 − 1080480F 12 ξ D 4 6 10 ϑ
12 + 21168X
12 + 23232X
12 + 25392X
12 + 27648X
12 − 1112256F 12 τ D 6 4 6 ϑ
12 + 30000X
12 + 32448X
12 + 34992X
12 + 37632X
12 + 43200X
12 − 1131120F 12
As stated in the Introduction, expression (8) of Theorem 6 is useful for studying the congruences between modular forms. As a straightforward conclusion, we can prove the following result. (mod m). Example 1. Since h β = 30 and h ρ = 7 (see Table 1 ), we have Here we used the following abbreviation: For a
Corollary 6.2. Let { L i (i = 1, 2, 3, 4) } be a set of Niemeier lattices with Coxeter number h i = h Li such that h 1 < h 2 < h 3 < h 4 . Then, for any Niemeier lattice L, the Niemeier theta series ϑ
where ℓ j (x) (j = 1, 2, 3, 4) are the Lagrange basis polynomials:
Proof. We recall expression (8) of Theorem 6, and we solve the system of equations (11) ϑ
12 + c 1 (h i )X
12 + c 2 (h i )F 12 , (i = 1, 2, 3, 4), with respect to (E
12 , X
12 , and F 12 . Here, c j (h) is the polynomial defined in (9) of Remark 1. Since L has the following expression:
This completes the proof of Corollary 6.2.
5. Congruence properties of theta series for Niemeier lattices 5.1. Congruence relation between theta series. We will now prove some congruence relations satisfied by the Niemeier theta series. For this, we need information about the Fourier coefficients of the generators (E
12 , and
The results in [8] and [6] can help us to calculate the Fourier coefficients of the Eisenstein series E [4, 2, 6] (mod 23),
where α, δ, ψ, and ω are Niemeier lattices listed in Table 1 .
Proof. We prove the first congruence relation. Since det([4, 2, 6]) = 23 ≡ 3 (mod 4), we can apply Theorem 3 to ϑ (3) [4, 2, 6] . As a consequence, there is a modular form
We obtain the following tables: ω ; T ) (mod 23) for all T = (t ij ) ∈ Sym * 3 (Z) with t ii ≤ 1. By using Theorem 4, we obtain ϑ The proof of the second congruence relation proceeds in a similar manner. There is a modular form G 2 ∈ M 12 (Γ 3 ) Z (23) such that ϑ
[2,2,12] ≡ G 2 (mod 23). In this case, we obtain the following tables:
[2,2,12] ; T ) a(ϑ (2) δ ; T ) a(ϑ can be also proved by Corollary 6.1.
5.2.
Theta operator on theta series and the mod p singular form. In the previous section, we saw some congruence relations arising from theta series. Such relations can be reformulated by the terminology of the theta operator and the mod p singular forms that were introduced in Section 2.4.
Theorem 8. (1)
The following congruence relations hold:
ω ) ≡ 0 (mod 23).
(2) The theta series ϑ
α , ϑ
δ , ϑ
ψ , and ϑ
ω are mod 23 singular modular forms with the nontrivial maximal 23-rank 2.
Proof. Statement (1) is a consequence of Theorem 7. To prove statement (2), we must show that a(ϑ
L ; T ) ≡ 0 (mod 23) for some T with rank(T ) = 2. This comes from the following: a(ϑ (2) α ; [2, 1, 3] ) ≡ a(ϑ (2) δ ; [1, 1, 6] ) ≡ a(ϑ (2) ψ ; [1, 1, 6] ) ≡ a(ϑ (2) ω ; [2, 1, 3] ) ≡ 2 (mod 23).
